Int J Theor Phys (2008) 47: 2415-2429
DOI 10.1007/s10773-008-9675-4

The Stochastic Limit for the Hydrogen Atom
in Interaction with the EM Field

L. Accardi - F.G. Cubillo

Received: 13 November 2007 / Accepted: 21 January 2008 / Published online: 31 January 2008
© Springer Science+Business Media, LLC 2008

Abstract In the stochastic limit the resonances play a fundamental role because they de-
termine the generalized susceptivities which are the building blocks of all the physical in-
formation which survives in this limit. There are two sources of possible divergences, one
related to the singularities of the form factor, another to the chaoticity of the spectrum. The
situation will be illustrated starting from the example of the discrete part of the hydrogen
atom in interaction with the electromagnetic field.
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1 Introduction

The stochastic limit approach of quantum theory [2, 3] starts from the usual quantum Hamil-
tonian dynamics in interaction representation. Depending such dynamics on a parameter A,
one rescales some parameters in the associated evolution (typically time) and obtains in the
limit A — 0 a new dynamical system driven by a (singular) white noise Hamiltonian. By
the stochastic resonance principle, in the limit we shall have not a single but an infinity of
independent quantum noises, one for each suitable Bohr frequency of the system [1].

This allows to estimate the behaviour of a complex system with many degrees of free-
dom in terms of relatively few functions of the microscopic characteristics of the quickly
relaxing degrees of freedom, which introduce quantum mechanical fluctuation-dissipation
phenomena in the evolution. According to the interpretation, these functions are called sus-
ceptivities, transport coefficients, etc. In the stochastic limit the real part of each generalized
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susceptivity is a §-function and its imaginary part a generalized Hilbert transform, both over
each resonant surface, see (9). The evolution corresponding to the real part is a contraction,
i.e. dissipative, whereas the imaginary part corresponds to a global shift in the spectrum of
the system Hamiltonian.

In this work we illustrate the situation with a concrete physical example: the bounded
states of the hydrogen atom in interaction with the electromagnetic field. We obtain some
sufficient conditions on the form factors for the existence of the generalized susceptivities
and calculate them explicitly.

The paper is organized as follows. Section 2 is an introduction to the stochastic limit
of quantum theory. Section 3 includes some technical remarks on distributional calculus
and establishes connections between the real and imaginary parts of the generalized sus-
ceptivities. Finally, Sect. 4 contains the study of the hydrogen atom in interaction with the
electromagnetic field.

2 The Stochastic Limit Approach

The general scheme of the stochatic limit technique for a Hamiltonian H with decomposi-
tion into free and interacting parts

H" = Hy+ ) Hj,

where A is a coupling constant, considers the Schrodinger equation in interaction represen-
tation

d
—UP =—irHOUP, Uy=1,

dt , , (H
H;(t) ;="M g, e~itHo,
whose solution is the propagator U™ = ¢iHoe=itH",
Then one makes the time rescaling ¢ — At and studies the limits
S T PR N L
)ILILI})EHI (t/A°) =: Hy, )ILILI})U’/)‘Z =U, (2)

in a topology to be specified, as well as the equations satisfied by them.
In what follows we are interested in system-reservoir Hamiltonians of the form

{(Hs @ Hg, Hsg = Hs @ 1z + 15 ® Hg + AH;},

where Hy = Hg ® 1z + 15 ® Hp is the free Hamiltonian and the interaction Hamiltonian H;
contains all the new physics with respect to the isolated systems.
Assume the free system Hamiltonian Hg has a non degenerate discrete spectrum,

HS :Zgnpn = an|8n><8n|a

and as reservoir R consider a boson quantum field described by a Fock space F with the
vacuum reference vector and a family of operator-valued distributions a;, aronRY (d > 3),
the creation and annihilation densities, which satisfy the commutation relations [a, a;?] =
§(k — k). The free Hamiltonian of a bosonic reservoir R has the form

m:/w@@ﬁ, 3)
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where the real-valued function w (k) is the free I-particle Hamiltonian. In this work the
functions under consideration shall be w (k) = |k| and w (k) = k>.
For an interaction Hamiltonian H; of dipole-type

H,:fdk{Dk®gka,j+D;f®§kak}, 4

where {Dy : k € R} is the family of response terms or currents (operators acting on Hs)
and the g, are the form factors, the time evolved interaction Hamiltonian becomes

Hi () = /dk Z P,DiP, ® gpe' “tem—en gt 4 e, (5)

m,n

Introducing the operators

Dw(k) = Z P, Dy P, = Z <£n|Dk|8m>|8m><8n|v (6)

En—Em=w En—Em=w

the evolved interaction Hamiltonian can be written in the so called standard or canonical
form

H (1) = f dk Z D, (k) ® gre"“al +h.c. 7

The stochastic limit of the evolution equation in interaction picture for our model leads
to the normally ordered stochastic Schrodinger equation

dU, =(—idH(t) — Gdn)U,, t>0, ®)

with initial condition Uy = 1. The first term d H (¢t) is the martingale term, which won’t be
considered here. The second term Gdt, called the drift, is of the form

D, (k)|?|g(k)|?
dkl (k)78 ( )I.
wr — W

_ 2 2 _ _
G_Zw:n/Rddlew(k)l 1g(k) |28 (wi — w) — iP.P. /Rd

The integrals are taken over an operator function and therefore they should be interpreted
as weak integrals, i.e. as integrals over the matrix elements of the operators | D,, (k)|>. If for
any Bohr frequency w there exists a unique pair of energy levels ¢, &;, € Spec Hg such
that w = &, — €1, then

|Do,(k)|* = D, (k)" D, (k) = (&1, | D(K)]e2,,) | |€2, ) (€2,
and we can write the drift term as

G=Y v, le,)e,l,

where the generalized susceptivity factors y,; are defined by

oK)
dklg()l,

vy :=7'[f a’klgw(k)|2(3(wk—w)—iP.P./
R4 R W —w 9

8w (k) := (&1, |D (k) &2, ) g (k)
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and contain all the physical information of the original Hamiltonian system.

The drift term corresponds to a non-selfadjoint correction to the system Hamiltonian
that can be considered as the prototype of the quantum mechanical fluctuation-dissipation
relation:

iHs— iHs—G =i <H5 - Zlm(yw NERICS ) ZRe(yw NERICHE

The imaginary part of G is a global shift in the spectrum of the system Hamiltonian. The
evolution generated by the real part of G is a contraction, in general nonunitary, i.e. dissi-
pative. Since w (k) > 0, (9) shows that Re(y,) = 0 if w < 0. But (9) also shows that this
is not the case for the imaginary part. In the stochastic limit the negative Bohr frequencies
contribute with an overall red shift to the energy.

3 The Distribution (@ (k) — w)~!

Let
keR! > wk)—weR

be a C*°-function except perhaps for some closed set of singular points with d-dimensional
Lebesgue measure zero. In this section we study, for each test function ¢ € D(R?), the

integral
1 _ ¢ (k)
<a)(k) -’ ¢(k)> N /Rd wk) —w k

and its Cauchy principal value or principal part

1 o)
<P.P. o~ ¢(k)> = lim dk,

=0 |lw(k)—w|>€ a)(k)

just the imaginary part of the generalized susceptivity factor y_, see (9).

To this end, assume that Vw (k) # O for each regular point k € R?. Then the equation
w (k) — w = cte defines a regular surface S, of dimension d — 1 in a neighbourhood suf-
ficiently small of each regular point verifying the equation. In such neighbourhood we can
consider a local change of variables ¥ : (uy,...,uy) — (ki, ..., kq) such that the surface
S, is given by fixing one of the u’s to the value of the constant ¢. Choose, for example,
(k) —w = u; and arbitrarily the u,, ..., uy, but with the condition that the Jacobian J 1 (u)
is different from zero. Then, by the change of variables theorem, we will have'

f @ (k) dk:/ oY (u ))JW()d
R Y1 (RY)

a wk) —w uj

being the last integral, by Fubini’s theorem, equal to

b
/ . [ wl¢(w(u))J1/f(u)duz-~-dud} duy, (10)
a uy

'We can assume that the support of ¢ is contained in the neighbourhood where the local change of variables
is given, else we consider a suitable locally finite partition of the unity.
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where ¥ ' (RY) = {uy x ¥, |uy € [a, b]}.
We can write the integral (10) in terms of differential forms. For it, consider the form 2.
of order d — 1 associated to the function W (k) = w (k) — w on the surface S, by the equation

dW A Q. =dv, 1D

where dv =dk; A --- A dky is the volume element in R?. The form €, verifying (11) is not
unique since we can add to it any form A orthogonal to d W, that is, such that dW A A = 0.
Such forms A can be written as A =y A dW, where y is a certain form of order d — 2. We
note also that the form €2. does not depend on the choice of coordinates u5, ..., u,4, but it
does on the function W defining the surface S.. In our case we have

Q=Q, = JW(u)‘ul:cdug A Adug

and from (10) we obtain

k b
/ Ldk=/ —{ ¢<w<u)>szul} du, . (12)
rd (k) — a 1| Js,

In terms of the distribution §(W — u;) = §(w (k) — w — u;) formula (12) can also be
written as’

b
1
[ e —un.rdun.
a Ul
Note that the function

@ (uy) :/s ¢ (W) L2, 13)
Uy

that appears in formula (12) is a test function belonging to D(a, b). Indeed, the change of
variables 1/, being bicontinuous, transforms compact sets into compact sets, and vice versa.
Moreover, since ¥ is a C*®-function, ¢ o ¥ € D(R?) and then its product with the C>-
function J is also in D(R?). Thus, the integral with respect to ,, of that product extends
into a set of finite measure and then is a bounded C*°-function of u; with compact support.
Finally, similar arguments can be applied to its derivatives.

The same reasoning can be applied when, instead of D(R?), we consider the Schwartz
space S(R?), whenever the Jacobian J and its derivatives are of polynomial growth.

Since ®(u;) € D(a, b), the integral

b
/ Lk)dk:/ id>(u1)du1
rd 0 (k) — @ a M

is improper only at #; = 0 when a < 0 < b. Then, for the study of the convergence of this
integral it is convenient to obtain an asymptotic development of ®(u;) for small values
of u;. To this end, let us consider the functional depending on the complex parameter A

(Wi, )= W(k) ¢ (k) dk. (14)

W>0

2For a definition of the distribution & (W —uy) see, for example, the Chap. 3 of [4].
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If the C*°-function W is such that the equation W (k) = 0 defines locally a d — 1 dimensional
surface of regular points, then the distribution W7 is meromorphic with singularities the
sequence of simple poles [4]

A=—-1,-2,...,—n,....
The residue of the function (14) at each of these poles can be expressed by means of the test
function ®(u;) defined in formula (13), being the residue at A = —n equal to
Res(W%, g), 3 = —m = 2O
es P A=—n)=——
* (n—1)!
or, in terms of the distributions § (W),
Res((W”, $), A = —n) = e (8"D(w), ¢)
e (n—1)! e

The knowledge of these singularities permits us write an asymptotic development of
® (1) for small values of u;. Indeed, in our case [4, Sect. 3.4.5]

D (uy) :Z (—n1‘)n (8" (W), ¢)u", foru; small. 15)
n=0 '

From these results it is easy to derive the following

Proposition 1 Let W(k) = w(k) — w be a C*-function, except perhaps for some closed
set E of singular points with d-dimensional Lebesgue measure zero, such that the equation
W (k) = 0 defines a d — 1 dimensional surface Sy of regular points, that is, for each point kg
in the surface there exist a neighborhood V of ko in R? and a local system of coordinates
Uy, ..., uq such that W(k) = u, for every k € V (for example, when VW (ko) # 0), and the
same is valid for the equation W (k) = ¢ with c € (a, b), where R"\E = UUE(M) S.. Then,
given a test function ¢ € D(R?), we have:

(1) When a <0 < b, the integral

! [ ek P
<m’¢(k)>—éc,mdk—l @) du

is finite if and only if (§(w (k) — w), ¢ (k)) =0.
(i) When a <0 < b, the Cauchy principal value

<P P 1 > . @ (k)
P.—— ¢(k)) =1lim ———dk
w(k) —w 0 J\u0—wse (k) —

—€ 1 b 1
=lim |:/ —@(ul)dul—i-/ —@(ul)dul]
=0 a 231 e Uj

is always finite.

(Recall that, when 0 & [a, b], the integrals in (i) and (ii) are always finite.)

Proof Since ®(u;) € D(a, b), the asymptotic development (15) of @ (u,) is valid in a neigh-
borhood of u; = 0 and also we can assume that a and b are finite.
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(i) The unidimensional integral fub ®(uy)/u; du, converges if and only if for any o > 0 we
have ®(u;, w) >~ uf as u; — 0. By formula (15), this condition is satisfied if and only
if (8(w (k) — w), ¢p(k)) =0.

(i) It is well known [6, Theorem 1.35] that for a function of the form ® (u;)/u;, ® being
continuous in a neighborhood of u#; = 0, the integral in the P.P. sense exists.

|

Corollary 2 Proposition 1 is satisfied also for every ¢ € S(R?) if, in addition, the Jacobian
J Y and its derivatives are of polynomial growth.

Proof Recall that, if ¢ € S(R?), then ® € S(a, b) when the Jacobian J and its derivatives
are of polynomial growth. |

Example 3 For the radiative dispersion w (k) = |k| = (Z_‘Ll kf)'/ 2 if we take

up =wk) - o, Uy =01, ..., ug="04_1, (16)
where 0y, ..., 6, are the usual angles in spherical coordinates, we obtain
Q”l = dasu1+tu )

being dasu1 + the Euclidean element of surface for the sphere S,, ., with center the origin
and radius u; 4+ w. In this case we have

o [~ 1
| o= o U&lf(w(u))dasuﬁw} du;. an

Let us put ®(u;, ) = fSu1+m () dos, .,

For w < 0 the integrals of (17) converge because ®(u;,w) belongs to D(—w, 00) as
function of u;.

If w > 0, we are under the hypothesis of Proposition 1 and then the integrals in (17)
converge if and only if (§(w (k) — w), ¢ (k)) =0, and they converge in the P.P. sense for all
¢ € D(RY).

If w =0, we cannot apply Proposition 1 since the equation W (k) = w (k) = 0 does not
define a regular surface else a singular point kK = 0, but in this case the integrals of (17)
converge because ®(u;,0) - 0 as u; — 0.

By Corollary 2, the same results are satisfied for ¢ € S(R?).

Example 4 For w(k) =k> = 2‘1{:1 ka., applying again the change of variables (16), now we
have '

1 1
Q“l = dizl/zdas«/m = mdﬂs T
2(X5i4) )
Then, in this case we obtain
@ (k) /“ 1 /‘ d (Y (u))
————dk= — ——d duy. 18
/]Rdw(k)—w o U1 | Js s 2/ul + S i | 41 (18)
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_ PP w)
Here, ®(u1,0) = [; . 3056 495 e

in Example 3 to determine the convergence of the integrals in (18). Thus, for w < 0 the
integrals of (18) converge for every ¢ € D(R?) and, on the other hand, when w > 0 these
integrals converge if and only if (§(w (k) — w), ¢ (k)) = 0 and they converge in the P.P.
sense for all ¢ € D(R?).

By Corollary 2, the same results are satisfied for ¢ € S(R?).

and we can apply the same arguments than

These results will be of applicability in the physical example considered in the next
section.

4 The Hydrogen Atom in the EM Field

It is well known [5] that in a central potential, caused here by the hydrogen nucleus, the
bound states of a spinless electron are determined by three quantum numbers n, [ and m.
The total or energy quantum number n, whose range of valuesisn =1,2,3, ..., 400, de-
termines the energy E, of the electron

E 1 Zme* Ze? 19

"2 R 2a0n?’ (19

where m and e are the mass and charge of the electron, ay = h?/(me?) is the Bohr radius

and Z =1 for the hydrogen atom. The orbital and magnetic quantum numbers, / and m,

determine the angular momentum and the angular momentum along the axis of quantization,

respectively, and their ranges of valuesare / =0, 1,2, ..., n—landm = —I, —I+1, ..., +l.

In the following ¢ shall denote the position of the electron in the 3-dimensional space

and we shall assume that the nucleus of the hydrogen atom is fixed at the origin, so that, in
spherical coordinates, the associated total eigenfunctions ,,,, are given by

wnlm(|q|107 ¢)=Rn[(|q|) Y[m(ev ¢)7 (20)

being Y}, the spherical harmonics of order / and R,; the radial eigenfunction corresponding
to the quantum numbers » and /,

2N —1—1n 1"
e :_R—) ﬁ} e

where Lﬁl:ll is the associated Laguerre polynomial

n—Il—1

241 _ (=D P2 [+ D2 gl
Liiab =3 —I—1—9) Q1+l

(22)

s=0

We shall consider only states of the electron with orbital number / = 0. Recall that
Yoo (6, ¢) = (4m)~"/2.

For the interaction of the spinless electron with a nonrelativistic quantum electromagnetic

(EM) field, neglecting the quadratic term in the potential A of the field, one can write the
interaction Hamiltonian in the form [2]

H=——% /d3k lay (K)go (K)e ™1 + aq (k) o (k)e™ ] py
mc

o=1,2
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where k € R? corresponds to momentum coordinates, o = 1,2 is a polarization index and
a, and p, are Boson annihilators and the momentum of the electron in the corresponding
polarization direction, respectively. The usual form factors are g, (k) = |k|~'/2. The polaron
Hamiltonian is obtained by omitting the product with the momentum operator p. Thus, for
the polaron Hamiltonian the response terms are of the form

Dy, (k) = e (23)
In what follows the polarization index will be neglected and we will use the following

notation. For the positive Bohr frequencies we shall write, see (19),

e? 1 1
Wpp 7= Em - En = - P m>n, (24)
2a90 \m?> n?

and we shall put

8mn (k) = g(k) <WIn007 D(k)WnOO>
= g(k) (Rino(Ig) Y00 (8, @), g(k) D (k) Ryno(1q1) Yoo (6, @) .

(25)

Now suppose that for the positive Bohr frequency w,,, there exists a unique pair of energy
levels ¢,, = E,;, €, = E,, in Spec Hg such that w,,, = E,, — E,,. (This is not the case for every
positive Bohr frequency w,,, of the hydrogen atom, but by means of a little perturbation the
hydrogen atom becomes a system verifying this generic assumption.) Then, the product of
the form factor g(k) by the operator D,, , defined by (6) can be written as

®mn

g(k) Dwmn (k) = &mn (k) |1pn00) (wm00|

and the corresponding generalized susceptivity factor y,, is of the form, see (9),

- / ) . / |8un (K) 2
Vo =10 | dk|gm.(K)|"8(w(k) — wpy,) —iP.P. | dk ————. (26)
" C()(k) — W

In what follows we shall study the generalized Hilbert transform that defines the imagi-
nary part of ¥, in terms of the form factor g. (The real part doesn’t present any problem.)
We shall restrict our attention to the dispersion functions of Examples 3 and 4,

wk)=k| and owk)=k>.
The form factors under consideration will be of the form
g(k) :=g(k]), 27)
being the function g, at first, a measurable function of |k|. Recall that the usual choice is

g(k) =[k|~'/2,
At first we calculate the matrix elements g,,,,,.

Lemma 5 For the interaction of a spinless electron in the hydrogen atom with an electro-
magnetic field, with form factor of the form (27), we have

ig(kD 'S ( 1 1 )
mnk = Cv N - s s 28
em®) = S0 28" Ty~ =y 28)
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where
in{n—1,s—2}
(-4 ™ (n—l)( m—1 )( s )
CM"Mi=— E . 29)
* § ag (mn)3/2 a=max{0,s—m—1} « s=2-a ot :

Proof Recall that Yy(8, ¢) = (47)~"/? and assume that k is oriented along the positive
gs-axis. Then,

1 (o) . 2 T ) ) ]
Zmn (k) = E/ d|q|RmO(|q|)Rn0(|q|)|q|2/ d¢/ d6 g(|k|) e171<@ sin(6)
0 0 0

- b / " dlg| Ruollgh RuolaD Iq] (4441 — cH44). G0
201 Jo

Denoting by N, the normalizing factor for R, given in (21), i.e.

2\ -1 ]
N:‘K—) m} | b
the equality (30) becomes
g (k) = mm% " L1(g) LY (gD lg] (e 1D — glla-ikD) gy
- iiﬁ',:') L1+ ilkD) — £ — i K])], (32)

where £(1 £i|k|) denotes the Laplace transform (see, for example, [6]) at the point 1 £i|k|
of the function NmoNnOL,In(|q|)L,11(|q|)|q|.

Being N,oN.oLl (IgDLL(1g)g] a polynomial, the abscissa of summability for its
Laplace transform is a = 0, that is, £(z) is well defined and holomorphic over the com-
plex semi plane 9i(z) > 0, in particular, at the points of the form z =1 i |k|.

It is well known that Ln 1 (z) = 1/z"*!. From (22) and (31), we have

n—1

(=D2(n—1D! )
Ny L! = s,
oL, (gD ;(na0)3/2(n—1—s)!(s+1)!s! lal
After some calculations we obtain
m-+n Cmn
L Xilk]) = — 33
(1£ik]) ?:2: e (33)

where the coefficients C}"" are given by

2m =D 2(m—1)!

mn __ _ _ 1y 2
N TS SE PP e

1 1
x ;(m—l—ﬂ)!(ﬂ—i—l)!ﬂ! n—1l-a)@t)lal’
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the sum taken over the set {(a, ) e + =5 —2,0<a<n—1,0<p <m — 1}. Substi-
tuting (33) in (32) we will have the expression (28). O

The change of variables (16) gives us a more convenient expression of the right hand side
of (26).

Lemma 6 Let w,, be the positive Bohr frequencies given in (24) and g, (k) the matrix
elements given in (28). Then, for the dispersion function w (k) = |k|, we have

mn k 2
P.P. / _8m@®F
R3 w(k) — Wmn

—P.P. /.OO nlg(ul+wrnn)|2
— [Z5]

Wmn

m+n 1 1 2
X cr - — < duy . (34)
; ' ((1+i(u1 Fom) (1= i() + o)) ) 1
And, for the dispersion function w (k) = k2, we have
mn k 2
R3 C()(k) — Wmn
—PP /OO T |g(vul +wmn)|2
o —Wmn 2”1\/u1+wmn
2
X %C’""( ! - ! ) du (35)
s=2 * (l_ivul+wmn)s (l_i\/ul'f_wmn)s b

Proof For the dispersion function w (k) = |k|, with the change of variables given in (16), by
(17) and since dog, = r? dog, in R3, the left hand side of (34) becomes

o) 2
PP, / G+ @m)” [ / 2 (k)|2dasl} du; (36)
—Wmn ui Sulerm”

By (28), being the area of S; in R? equal to 47, the integrals over the spheres are

/ |gmn(k)|2d081
Su

(] +omn

i g1 + wpn)
2(”1 +wmn)

+n
X mZCSm” ( ! - ! S)
s=2

2
. 37)

(1 - l(M1 +wmn))s (1 - l(ul +wmn))

Substituting this expression in (36) we obtain (34).
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In a similar way, for the dispersion function w (k) = k2, now by (18), the left hand side
of (35) becomes

P.P /OO (Vul+wmn)2 /
o —w,n,zzulvul+wmn S

By (28), being the area of S; in R? equal to 47, the integrals over the spheres are

|gmn(k)|2d0'51i| du; . (38)

f | g (k) |* dors,
S/ Fanm

lg(\/ uj +a)mn)
2\/ Uy + Omn

=4r

m+n 2
1 1
X cmn — . 39
; s ((1+ivul+wmn)s (l_ivul+wlnn)s> ( )
Substituting this expression in (38) we obtain (35). O

We can already determine sufficient conditions on the form factor g in order that the
imaginary part of the generalized susceptivity factor y,, —exist.

Theorem 7 Let us consider the interaction of a spinless electron in the hydrogen atom with
an electromagnetic field, with form factor of the form (27). Then, for the dispersion function
w (k) = |k|, the Cauchy Principal Values

mn k 2
P.P./ & ®F s e, (40)
R3 w(k) — Wmn

are finite if the function g verify the following conditions:

(al) |g(u; + a)mn)|2/uz € L'([b, 00)), with respect to u,, for some b > 0; for example, if
lg (U1 + W) > uy as uy — oo, for v < 3;

(a2) the integrand of the right hand side of (34), in a neighborhood of u; = 0, is the sum of
an antisymmetric function f| and a symmetric function f, such that fio fa(uy)duy is
finite for some € > 0; for example, when g is bounded in a neighborhood of w,,, (or,
equivalently, g(uy + wyy) is bounded for u, in a neighborhood of 0);

(@3) |g(u1 4+ @) > (U1 + @pn)? € LY ([—@pnys —mn + €]) with respect to u,, for some € <
a)mn;for example! lf|g(l,t1 +a)mn)| = (ul +a)mn)u as uy — _a)mnyfor V> _3/2,

(a4) g(uy + wmn) € L*([—wpn + €, —€] U [€, b]), with respect to uy, for some 0 < € < @y,
and any finite b > €.

And, for the dispersion function w(k) = k>, the Principal Parts (40) are finite if the function
g verify the following conditions:

(b1) Ig(\/m)lz/u?/2 € L'([b, 00)), with respect to uy, for some b > 0; for example,
if 1g(Vuy + omn)| = u} as uy — oo, for v <7/4;

(b2) the integrand of the right hand side of (35), in a neighborhood of u, =0, is the sum of
an antisymmetric function f| and a symmetric function f, such that fio fo(uy)duy is
finite for some € > 0; for example, when g is bounded in a neighborhood of w,,, (or,
equivalently, g(uy + wyy) is bounded for u, in a neighborhood of 0);
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(b3) |g(Vu1 F @m) >y + @pn)'/? € LY ([—@pns —@mn + €]) With respect to u,, for some
€ < Wy for example, if |g (U1 + Omn)| = (U1 + )’ asuy — —wyy, forv > —3/4;

(b4) g(Ju1 + Wmn) € L*>([—wpp +€, —€U[e, b]), with respect to uy, for some 0 < € < @y,
and any finite b > €.

Proof For y e R and C" € R, we have

m+n 1 l
cm —
Z ’ <(1 +iy) —iy)s>

s=2

m+n cmn

=) — == [0 =iy’ = A +iy)]
; (14 y?)

m+n Cm,, [JEI:I s
=2 Gy ( ' )(—l)f*lyml, (41)
2)s
Sy T g 2+

where [~ 1] denotes the integer part of %‘ Moreover, the modulus square of (41) is equal
to

m+n 4Cmncmn [ l][d 1

s’ o
Z (]+y2)v+r Z Z <2j+1> <2j/+1)(—l)J+/ y2(1+1 +1). (42)

Jj=0 j’=0
For the dispersion function w (k) = |k|, by (42) with y = u| + w,,,,, the summands in the
integrand of the right hand side of (34), save a constant factor, are of the form

| (1t + @) |2 (U1 + @) H2 L
4=r=2 0<l<—2=L
0 (L + om0 T (mtn), 0<l<—*,

where p =2 if s, s" are both odd, p = 3 if one of the s, s’ is odd and the other even, p = 4 if
s, s’ are both even.

Thus, at u; = co the summands with worse behavior are equivalent, save a constant
factor, to |g(u; + a)m,,)lz/ﬂ (those for r =4,5,6 and [ = %); from this we obtain the
condition (al). At u; = 0 the divergence due to the factor 1/u; must be canceled by tak-
ing the Cauchy Principal Value; then, we must have the condition (a2). At u; = —w,,, the
summands with worse behavior (those with [ = 0) are equivalent, save a constant factor,
to |g (1 + wpn)|? (1 4+ @py)?; then, for the convergence of the integral at u; = —w,,, the

condition (a3) must be verified. Finally, at any other point of the domain of integration we
WE’;LIL‘I“I”—% < B for some «, B > 0O; then, for the convergence of the integral
the condition (a4) is sufficient.

On the other hand, for the dispersion function w(k) = k%, by (42) now with y =
Jit{ + Wy, the summands in the integrand of the right hand side of (35), save a constant
factor, are of the form

|g(\/ up +a)mn)|2 (ul + wmn)H—l/z
uy (1 +up + wpp)”

have o < |

r—p
, 4=r=2(m+n), OEIET.

In this case, at u; = oo the summands with worse behavior (those for [ = %) are equiv-
alent, save a constant factor, to |g(/u; + a)m,,)|2/u?/ 2; from this we have the condition
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(b1). At u; = 0 the divergence due to the factor 1/u; must be canceled by taking the
Cauchy Principal Value; then, we must have the condition (b2). At u; = —w,,, the sum-
mands with worse behavior (those with / = 0) are equivalent, save a constant factor, to
|g (VU1 + @) 1>ty + wpn)'/?; then, for the convergence of the integral at u; = —w,,, the
condition (b3) must be verified. Finally, at any other point of the domain of integration we
have o < |m%| < B for some «, B > 0; then, for the convergence of the integral
the condition (b4) is sufficient. O

Note that conditions (a2) and (b2) imply some special behavior of the form factor g in a
neighborhood of the resonance surface u; = w (k) — w,, =0.

Corollary 8 Under the conditions of Proposition 7, we have:

(i) For the dispersion function w(k) = |k|, the Principal Parts (40) are finite if the form
factor g(|k|) verify the following conditions:
(1) When |k| — oo, |g(|k|)| = |k|", with v < 3.
(i2) At k| =0, |g(kD| = |k|", with v > =3 /2.
(i3) g(|k|) is bounded elsewhere.
(ii) For the dispersion function w(k) = k*, the Principal Parts (40) are finite if the form
factor g(|k|) verify the following conditions:
(iil) When |k| — oo, |g(|k])| = |k|", with v < 7/2.
(ii2) Atf k| =0, |g(k])| =~ |k|", withv > —3/2.
(113) g(|k|) is bounded elsewhere.

Proof The conditions (al), (a3), (bl) and (b3) of Theorem 7 lead to the conditions (il),
(i2), (iil) and (ii2), respectively. The conditions (i3) and (ii3) can be derived from the other
conditions of Theorem 7. |

Corollary 9 Let us consider the interaction of a spinless electron in the hydrogen atom with
an electromagnetic field, with form factor of the form

Then, for the dispersion functions w(k) = |k| and w(k) = k?, the Principal Parts (40) are
finite if and only if u < 3/2.

Proof In this case, the conditions (i1), (i3), (iil) and (ii3) of Corollary 8 are satisfied for all
> 0, and the conditions (i2) and (ii2) are necessary and sufficient. O

Recall that the usual choice is g(k) = |k|~!/2, that is . = 1/2.
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